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BLOCH-WIGNER THEOREM OVER RINGS WITH MANY
UNITS II
BEHROOZ MIRZAII AND FATEMEH Y. MOKARI
Abstract. In this article we prove a generalization of the Bloch-Wigner
exact sequence over commutative rings with many units. When the ring
is a domain, we get a generalization of Suslin’s Bloch-Wigner exact
sequence over infinite fields. Our proof is different and is easier than
Suslin’s proof, even in its general form. But nevertheless we use some
of Suslin’s results which relates the Bloch group of the ring to the third
homology group of the general linear group of the ring. From there we
take an easier path.
Introduction
For a commutative ring R with 1, there are two types of K-groups: Mil-
nor K-groups and Quillen K-groups, denoted by KMn (R) and Kn(R), re-
spectively. For any positive integer n, there is a canonical homomorphism
ιn : K
M
n (R)→ Kn(R).
When R is an infinite field or more generally a ring with many units, ι1 and
ι2 are isomorphisms [27]. This fails for ιn when n ≥ 3 most of the times.
Let R be a commutative ring with many units. Then it is well-known
that the kernel of ιn is annihilated by multiplication by (n − 1)! [25], [19],
[8], and the cokernel of ιn usually is very large. The group
Kn(R)
ind := coker(KMn (R)
ιn−→ Kn(R))
is called the indecomposable part of Kn(R). Clearly Kn(R)
ind = 0 for
n = 1, 2. Although there are nice structural theorems for Kn(R)
ind, but still
there are many unanswered conjectures related to its structure [22].
The original Bloch-Wigner exact sequence, proved by Bloch and Wigner
in somewhat different form but not published by them, asserts the existence
of the exact sequence
0→ Q/Z→ H3(SL2(C),Z)→ p(C)→
∧2
Z C
× → K2(C)→ 0,
where p(C) is the pre-Bloch group of C and the map p(C)→
∧2
Z C
× is given
by [a] 7→ a ∧ (1 − a) [2]. One can show that H3(SL2(C),Z) ≃ K
ind
3 (C)
and so the Bloch-Wigner exact sequence gives a precise description of the
indecomposable part of K3(C). These facts easily can be generalized to all
algebraically closed field of characteristic zero [5], [21].
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The Bloch-Wigner exact sequence appears in different areas of mathe-
matics, such as number theory [2], three dimensional hyperbolic geometry
[5], algebraic K-theory [26], etc. Therefore it is very desirable to have a nice
generalization of this exact sequence to other class of rings.
In a remarkable paper [26], Suslin has generalized this result to all infinite
fields. In fact he proved that for any infinite field F , we have the exact
sequence
0→TorZ1 (µ(F ), µ(F ))
∼→K3(F )
ind→ p(F )→ (F× ⊗Z F
×)σ→ K2(F )→ 0,
where TorZ1 (µ(F ), µ(F ))
∼ is the unique non-trivial extension of the group
TorZ1 (µ(F ), µ(F )) by Z/2.
In present article we generalize the Bloch-Wigner exact sequence over
rings with many units. Here is our main theorem.
Theorem 5.1. Let R be a commutative ring with many units. Then we
have the exact sequence
TR → K
ind
3 (R)→ p(R)→ (R
× ⊗Z R
×)σ → K2(R)→ 0,
where TR sits in an exact sequence
0→ TorZ1 (µ(R), µ(R))σ → TR → H1(Σ2, µ2∞(R)⊗Z µ2∞(R))→ 0.
Moreover when R is an integral domain, we have the exact sequence
0→ TorZ1 (µ(R), µ(R))
∼→ K ind3 (R)→ p(R)→(R
× ⊗Z R
×)σ→ K2(R)→ 0,
where the composition TorZ1 (µ(R), µ(R)) → Tor
Z
1 (µ(R), µ(R))
∼ → K ind3 (R)
is induced by the map µ(R)→ SL2(R), ξ 7→ diag(ξ, ξ
−1).
Our proof of this theorem is new and easier than Suslin’s proof. But
nevertheless we use a result of Suslin which relates the Bloch group of R to
the third homology group of GL3(R) (see Theorem 3.1 below).
There are two new, but simple, ingredients in our proof. The first one is
the explicit description of the composition map
KMn (R)
ιn−→ Kn(R)
hn−→ Hn(GL(R),Z),
where hn is the Hurewicz map (see Section 1). In fact this follows easily
from another result of Suslin (see Proposition 2.1 below). But it seems
that, except for lower K-groups, such an explicit formula did not appear
anywhere in the literature. (But nevertheless see [14, Section 4].) When
n = 3, this allows us to give a simple description of K ind3 (R) as a quotient
of H3(SL(R),Z).
The second idea comes from the observation that for any integral domain
R of char(R) 6= 2 and with finite µ2∞(R), TR is the unique nontrivial ex-
tension of Z/2 by TorZ1 (µ(R), µ(R)) and we show that this is isomorphic to
TorZ1 (µ(R), µ(R))
∼.
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As an application we show that if R is a discrete valuation ring with field
of fraction K and infinite residue field F such that char(F ) = char(K), then
B(R) ≃ B(K),
where B(R) is the Bloch group of R. This improves a result of Hutchinson
which proves the same isomorphism, but up to 2-torsion elements [10]. Fur-
thermore we will study the Bloch-Wigner exact sequence for rings of dual
numbers R[ǫ], where R is a domain with many units, which is of some inter-
est [3]. At the end we use these information to study the relation between
K ind3 (R) and the third homology group of SL2(R).
In this paper by Hn(G) we mean the n-th homology of the group G with
integral coefficients, namely Hn(G,Z). If A → A
′ is a homomorphism of
abelian groups, by A′/A we mean coker(A→ A′) and we take other liberties
of this kind. For a group A, by AZ[1/2] we mean A⊗Z Z[1/2]. Here all rings
are commutative and have 1.
1. K-theory and homology of general linear groups
For a commutative ring R and an integer n, let Kn(R) := πn(BGL(R)
+)
be the n-th Quillen K-group, where BGL(R)+ is the plus-construction of
the classifying space of GL(R) with respect to the elementary subgroup
E(R) [13, Chap. I]. If n ≥ 2, then Kn(R) ≃ πn(BE(R)
+), where BE(R)+ is
the plus-construction of BE(R) with respect to E(R) [13, Proposition 1.1.7].
On the other hand, Hn(BE(R)
+,Z) ≃ Hn(E(R)) and Hn(BGL(R)
+,Z) ≃
Hn(GL(R)), thus for n ≥ 2, the Hurewicz homomorphisms induce the com-
mutative diagram
Kn(R)
hn
−−−−−−−−→Hn(GL(R))
h′nց ր
Hn(E(R)).
Moreover the space BGL(R)+ has a natural H-space structure. This allows
us to construct product maps
Km(R)⊗Z Kn(R)→ Km+n(R)
which is anti-commutative [13, Chap. II]. It is easy to see that K1(R)
h1
≃
H1(GL(R)) and it is well-known that K2(R)
h′
2
≃ H2(E(R)). Moreover h
′
3 :
K3(R) → H3(E(R)) is surjective and its kernel coincides with the image
of the composition map K1(Z) ⊗Z K2(R) → K1(R) ⊗Z K2(R) → K3(R)
[26, Corollary 5.2], which we denote this image by l(−1)K2(R). Note that
K1(Z) ≃ {−1, 1}. Thus we have the exact sequence
(1.1) K1(Z)⊗Z K2(R)→ K3(R)→ H3(E(R))→ 0.
The n-th Milnor K-group of a commutative ring R is defined as abelian
group KMn (R) generated by symbols {a1, . . . , an}, ai ∈ R
×, i = 1, . . . , n,
subject to the following relations
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(i) {a1, . . . , aia
′
i, . . . , an}={a1, . . . , ai, . . . , an}+{a1, . . . , a
′
i, . . . , an}, any i,
(ii) {a1, . . . , an} = 0 if there exist i, j, i 6= j, such that ai + aj = 0 or 1.
Clearly we have the anti-commutative product map
KMm (R)⊗Z K
M
n (R)→ K
M
m+n(R),
{a1, . . . , am} ⊗ {b1, . . . , bn} 7→ {a1, . . . , am, b1, . . . , bm}.
Using the product structures for Quillen and Milnor K-groups we obtain a
natural map
ιn : K
M
n (R)→ Kn(R).
We say that a commutative ring R is a ring with many units if for any
finite number of surjective linear forms fi : R
2 → R, there exists a v ∈ R2
such that, for all i, fi(v) ∈ R
×. Important examples of rings with many
units are semilocal rings with infinite residue fields. For more on these rings
we refer the reader to [27], [8] or [14].
Over these rings, KM1 (R) = R
× ≃ K1(R). Since K1(R) ≃ R
× × SK1(R),
we have SK1(R) := SL(R)/E(R) = 0 and hence E(R) = SL(R). Moreover
by a theorem of Van der Kallen [27, Theorem 8.4] we have the isomorphisms
KM2 (R) ≃ R
× ⊗Z R
×/〈a⊗ (1− a) : a, 1− a ∈ R×〉 ≃ K2(R),
which is given by {a, b} 7→ c(diag(a, 1, a−1),diag(b, b−1, 1)).
For an arbitrary group G, let B•(G)
ε
→ Z denote the bar resolution of
G. We turn the Bn(G) into a right G-module in usual way. For any left
G-module N , the homology group Hn(G,N) coincides with the homology
of the complex B•(G) ⊗G N . In particular
Hn(G) = Hn(B•(G) ⊗G Z) = Hn(B•(G)G).
For simplicity the element of Bn(G) represented by [g1| . . . |gn] again is de-
noted by [g1| . . . |gn]. Let
c(g1, g2, . . . , gn) :=
∑
σ∈Σn
sign(σ)[gσ(1)|gσ(2)| . . . |gσ(n)] ∈ Hn(G),
where gi ∈ G pairwise commute and Σn is the symmetric group of degree n.
The proof of the following facts are straightforward:
(i) If h1 ∈ G commutes with all the elements g1, . . . , gn ∈ G, then
c(g1h1, g2, . . . , gn) = c(g1, g2, . . . , gn) + c(h1, g2, . . . , gn),
(ii) For every σ ∈ Σn, c(gσ(1), . . . , gσ(n)) = sign(σ)c(g1, . . . , gn),
(iii) The cup product of c(g1, . . . , gp)∈Hp(G) and c(g
′
1, . . . , g
′
q)∈Hq(G
′) is
c((g1, 1), . . . , (gp, 1), (1, g
′
1), . . . , (1, g
′
q)) ∈ Hp+q(G×G
′).
If R is a commutative ring with many units, then we have the homological
stability isomorphisms
Hn(GLn(R))
∼
−→ Hn(GLn+1(R))
∼
−→ Hn(GLn+2(R))
∼
−→ · · · .
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Moreover one can construct a surjective map Hn(GLn(R)) ։ K
M
n (R) such
that the sequence
Hn(GLn−1(R))→ Hn(GLn(R))→ K
M
n (R)→ 0
is exact and the isomorphism
KMn (R)
≃
−→ Hn(GLn(R))/Hn(GLn−1(R))
is given by the formula {a1, . . . , an} 7→ a1 ∪ · · · ∪ an mod imHn(GLn−1(R))
[19], [25], [8].
2. Milnor K-groups and the hurewicz homomorphism
Let R be a ring with many units. In the previous section we gave an
explicit description of the map
ln := hn ◦ ιn : K
M
n (R)→ Hn(GL(R)) ≃ Hn(GLn(R))
for n = 2. In fact we have
l2({a, b}) = c(diag(a, 1, a
−1),diag(b, b−1, 1)) = c(diag(a, 1),diag(b, b−1)).
We will generalize this formula to any n. In fact this follows from the
following result of Suslin.
Proposition 2.1. Let R be a ring with many units and let x ∈ Km(R) and
y ∈ Kn(R). Then
hm+n(x.y) = ψm,n∗(hm(x)× hn(y)) −mn(hm(x) ∪ hn(y)),
where ψm,n : GLm(R) × GLn(R) → GLmn(R) is the matrix tensor product
and the cup product is induced by
GLm(R)×GLn(R)→ GLm+n(R), (A,B) 7→
(
A 0
0 B
)
.
Proof. Suslin has proved this for infinite fields [25, Lemma 4.2]. The same
proof works, without any changes, for rings with many units. It should
be mentioned that for the proof we need the homological stability isomor-
phisms. Here ψm,n∗(hm(x)×hn(y)) is the image of hm(x)⊗hn(y) under the
composition
Hm(GLm(R))⊗Z Hn(GLn(R))→ Hm+n(GLm(R)×GLn(R))
→ Hm+n(GLmn(R))
→ Hm+n(GL(R)) ≃ Hm+n(GLm+n(R)).

The following results is very important for us.
Corollary 2.2. Let R be a ring with many units. Then the homomorphism
ln : K
M
n (R)→ Hn(GLn(R)) is given by the formula
ln({a1, . . . , an}) = [a1, . . . , an] := c(A1,n, . . . , An,n),
where Ai,n := diag(ai, . . . , ai, a
−(i−1)
i , In−i) ∈ GLn(R).
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Proof. We prove this by induction on n. The case n = 1 is clear. By
induction assume that ln({a1, . . . , an−1}) = [a1, . . . , an−1]. Since the map
ψn−1,1 : GLn−1(R) × GL1(R) → GLn−1(R) is given by (A, a) 7→ aA, by
Proposition 2.1, we have
ln({a1, . . . , an}) = hn({a1, . . . , an−1}.{an})
= ψn−1,1∗
(
c(A1,n−1, . . . , An−1,n−1)× c(an)
)
− (n− 1)c(A1,n−1, . . . , An−1,n−1) ∪ c(an)
= c(A1,n−1, . . . , An−1,n−1, anIn−1)
− (n− 1)c(A1,n, . . . , An−1,n,diag(In−1, an))
= c(A1,n, . . . , An−1,n,diag(anIn−1, a
−(n−1)
n ))
= c(A1,n, . . . , An,n)
= [a1, . . . , an].

Remark 2.3. The above proposition shows that the map ln coincides with
the map νn : K
M
n (R)→ Hn(GLn(R)) in [14, Section 4], which is constructed
directly.
It is very easy to show that [a1, . . . , an] ∈ Hn(SL(R)). For example in
H3(GL3(R)) we have c(diag(a, 1, a
−1),diag(b, b−1, 1),diag(1, c−1, c)) = 0,
and thus
[a, b, c] = c(diag(a, 1, a−1),diag(b, b−1, 1),diag(c, 1, c−1)) ∈ H3(SL(R)).
Corollary 2.4. If R is a ring with many units, then the Hurewicz map h′3 :
K3(R) → H3(SL(R)) induces an isomorphism K
ind
3 (R) ≃ H3(SL(R))/T ,
where T = 〈[a, b, c] : a, b, c ∈ R×〉.
Proof. By Corollary 2.2, h
′
3 : K
ind
3 (R) → H3(SL(R))/T is well-defined and
by (1.1) it is surjective. The injectivity of this map follows from the fact
that ker(K3(R) ։ H3(SL(R))) ⊆ im(K
M
3 (R) → K3(R)), and this follows
from exact sequence (1.1). 
3. Bloch group and homology of general liner groups
Define the pre-Bloch group p(R) of a commutative ring R as the quotient
of the free abelian group Q(R) generated by symbols [a], a, 1− a ∈ R×, by
the subgroup generated by elements of the form
[a]− [b] +
[ b
a
]
−
[1− a−1
1− b−1
]
+
[1− a
1− b
]
,
where a, 1 − a, b, 1− b, a− b ∈ R×. Let
λ′ : Q(R)→ R× ⊗Z R
×, [a] 7→ a⊗ (1− a).
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By a direct computation, we have
λ′
(
[a]− [b] +
[ b
a
]
−
[1− a−1
1− b−1
]
+
[1− a
1− b
])
= a⊗
(1− a
1− b
)
+
(1− a
1− b
)
⊗ a.
Let
(R× ⊗Z R
×)σ := R
× ⊗Z R
×/〈a⊗ b+ b⊗ a : a, b ∈ R×〉
(see the next section for the choice of the notation). We denote the elements
of p(R) and (R×⊗ZR
×)σ represented by [a] and a⊗b again by [a] and a⊗b,
respectively. Thus we have a well-defined homomorphism
λ : p(R)→ (R× ⊗Z R
×)σ, [a] 7→ a⊗ (1− a).
The kernel of λ is called the Bloch group of R and is denoted by B(R). If
R is a ring with many units, then we obtain the exact sequence
0→ B(R)→ p(R)→ (R× ⊗Z R
×)σ → K
M
2 (R)→ 0.
The following result is due to Suslin [26, Theorem 2.1, Proposition 3.1].
Theorem 3.1. Let R be a ring with many units. Then we have the exact
sequences
H3(GM2(R))→ H3(GL2(R))→ B(R)→ 0,
H3(GM2(R))⊕H3(T3)→ H3(GL3(R))→ B(R)→ 0,
where GM2(R) is the subgroup of monomial matrices in GL2(R) and T3 is
the subgroup of diagonal matrices in GL3(R). Moreover the homomorphism
H3(GL2(R))→ B(R) factors through H3(GL3(R))→ B(R).
Proof. Suslin has proved these results over infinite fields [26, Theorem 2.1,
Proposition 3.1]. But his arguments also work in our situation. 
4. Third homology of GM2
Let T2 := R
××R× be the diagonal subgroup of GM2(R). Then GM2(R) =
T2 ⋊ Σ2, where Σ2 =
{(
1 0
0 1
)
,
(
0 1
1 0
)}
. We often think of Σ2 as the
symmetric group of order two {1, σ}, where the action of σ on T2 is given
by σ(a, b) = (b, a). In this section we will study the associated Lyndon-
Hochschild-Serre spectral sequence of the extension 1 → T2 → GM2(R) →
Σ2 → 1;
E2p,q = Hp(Σ2,Hq(T2))⇒ Hp+q(GM2(R)).
For a Σ2-module M , we have
Hp(Σ2,M) ≃


MΣ2 if p = 0
MΣ2/(1 + σ)(M) if p is odd
ker(MΣ2
1+σ
−−−→MΣ2) if p is even.
For simplicity we denote MΣ2 and M
Σ2 by Mσ and M
σ, respectively.
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Lemma 4.1. Let A be an abelian group and let Σ2 acts on A⊕A and A⊗ZA
as σ(a, b) = (b, a) and σ(a⊗ b) = −b⊗ a, respectively. Then
(i) H0(Σ2, A⊕A) ≃ A and H0(Σ2, A⊗Z A) ≃ (A⊗Z A)σ.
(ii) For any p ≥ 1, Hp(Σ2, A⊕A) = 0.
(iii) If A ≃
⊕n
i=1Ai, then Hp(Σ2, A⊗Z A) ≃
⊕n
i=1Hp(Σ2, Ai ⊗Z Ai).
(iv) If p is odd, then Hp(Σ2, A⊗Z A) ≃ Hp(Σ2, 2∞A⊗Z 2∞A).
(v) If p is even, then Hp(Σ2, A ⊗Z A) = 〈a⊗ a ∈ (A ⊗Z A)σ : a ∈ A〉.
Here 2∞A is the subgroup of 2-torsion elements of A, i.e.
2∞A :=
{
a ∈ A : there exists an m ∈ N, s.t. 2ma = 0
}
.
Proof. Parts (i) and (ii) follow from a direct and easy computation. In part
(iii) we may assume that n = 2. Then
Hp(Σ2, A⊗Z A) ≃ Hp(Σ2, A1 ⊗Z A1)⊕Hp(Σ2, A2 ⊗Z A2)
⊕Hp(Σ2, A1 ⊗Z A2 ⊕A2 ⊗Z A1),
where the action of σ on A1 ⊗Z A2 ⊕A2 ⊗Z A1 is given by
σ(a1 ⊗ a2, b2 ⊗ b1) = −(b1 ⊗ b2, a2 ⊗ a1).
Now as part (ii), Hp(Σ2, A1 ⊗Z A2 ⊕A2 ⊗Z A1) = 0. Let {Aj : j ∈ J} be a
family of finitely generated subgroups of A such that J is a directed set and
A ≃ lim
−→
J
Aj. Then A ⊗Z A ≃ lim
−→
J
(Aj ⊗Z Aj). Thus in parts (iv) and (v) we
may assume that A is finitely generated and by part (iii) we may assume
that A is cyclic, which in this case the claim is easy to prove. 
By Lemma 4.1, some of the E2-terms of the spectral sequence can be
computed as follow:
E2p,0≃


Z if p = 0
Z/2 if p is odd
0 if p is even
, E2p,1≃
{
R× if p = 0
0 if p 6= 0
, E2p,2≃Hp(Σ2, R
×⊗ZR
×).
From these we obtain the isomorphism E∞1,2 ≃ E
2
1,2. Moreover by Lemma 4.1,
E22,2 is generated by the elements a⊗ a, a ∈ R
×, and a direct computation
shows that d22,2(a⊗ a) = 0. This implies that E
∞
0,3 ≃ E
2
0,3 = H3(T2)σ . The
spectral sequence E1p,q gives us a filtration
0 = F−1H3(GM2(R)) ⊆ · · · ⊆ F3H3(GM2(R)) = H3(GM2(R)),
such that
E∞0,3 ≃ F0H3(GM2(R)) = H3(T2)σ,
E∞1,2 ≃ F1H3(GM2(R))/F0H3(GM2(R)) ≃ E
2
1,2,
E∞2,1 ≃ F2H3(GM2(R))/F1H3(GM2(R)) = 0,
E∞3,0 ≃ H3(GM2(R))/F2H3(GM2(R)) ≃ H3(Σ2).
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Thus
H3(GM2(R)) ≃ F2H3(GM2(R))⊕H3(Σ2),(4.1)
E21,2 ≃ F2H3(GM2(R))/H3(T2)σ.(4.2)
Set M := H3(R
×)⊕H3(R
×)⊕R× ⊗Z H2(R
×)⊕H2(R
×)⊗Z R
× ⊆ H3(T2).
By applying the Snake lemma to the commutative diagram
Mσ −−−−−−−→ H3(T2)σ −−→Tor
Z
1 (µ(R), µ(R))σ→ 0y y y
0→F2H3(GM2(R)) → F2H3(GM2(R)) −−−−−−→ 0 −−−−−−−→ 0
and Lemma 4.1 we obtain the exact sequence
(4.3) 0→ TorZ1 (µ(R), µ(R))σ → TR → H1(Σ2, µ2∞(R)⊗Z µ2∞(R))→ 0,
where TR := F2H3(GM2(R))/Mσ = F2H3(GM2(R))/M . To give an explicit
description of the composition map
H2(T2)
σ−։ E21,2
≃
−→ F2H3(GM2(R))/H3(T2) ⊆ H3(GM2(R))/H3(T2),
we need to introduce certain notations.
Let G be a group and let M be a G-module. Any element g ∈ G, deter-
mines an automorphism of the complex B•(G) ⊗G N given by
[g1| . . . |gn]⊗m 7→ [gg1g
−1| . . . |ggng
−1]⊗ gm.
This automorphism is homotopic to the identity, with the corresponding
homotopy given by the formula
ρg : Bn(G) ⊗G N → Bn+1(G)⊗G N,
[g1| . . . |gn]⊗m 7→
n∑
j=0
(−1)j [g1| . . . |gj |g
−1|ggj+1g
−1| . . . |ggng
−1]⊗m.
The following lemma is similar to [26, Lemma 2.5], which is also needed in
the proof of the first exact sequence of Theorem 3.1.
Lemma 4.2. Let u ∈ H2(T2)
σ and let h ∈ B2(T2)T2 be a representing
cycle for u. Let τ be the automorphism of B•(T2)T2 induced by σ and let
τ(h)− h = ∂T23 (b), b ∈ B3(T2)T2 . Then the image of u under the map
H2(T2)
σ → H3(GM2(R))/H3(T2)
coincides with the homology class of the cycle b−ρs(h), where s =
(
0 1
1 0
)
.
Proof. The E1-terms of the spectral sequence E2p,q are of the form
E1p,q = Hq(Bp(Σ2)⊗Σ2 B•(GM2(R))T2).
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Let h = [g1|g2]− [g2|g1]. Then τ(h) = [sg1s
−1|sg2s
−1]− [sg2s
−1|sg1s
−1]. By
considering the commutative diagram
Z⊗Σ2 B3(GM2)T2←B0(Σ2)⊗Σ2 B3(GM2)T2←B1(Σ2)⊗Σ2 B3(GM2)T2y y y
Z⊗Σ2 B2(GM2)T2←B0(Σ2)⊗Σ2 B2(GM2)T2←B1(Σ2)⊗Σ2 B2(GM2)T2 ,
the necessary computations can be collected in the following diagram
b− ρs(h)←−−−−p s[ ]⊗ b− [ ]⊗ ρs(h)
−
|
↓
s[ ]⊗ h− [ ]⊗ h←−−−−p [s]⊗ h.

Let R be a domain and µn(R) = 〈ξ〉, where ξ ∈ R is a primitive n-th
root of unity. Let 〈ξ, n, ξ〉 ∈ TorZ1 (µ(R), µ(R)) be the image of ξ under the
following composition
µn(R)
≃
−→ TorZ1 (µn(R), µn(R)) →֒ Tor
Z
1 (µ(R), µ(R)).
Lemma 4.3. Let R be a domain. Then we have the canonical decomposition
H3(T2) =
⊕3
i=0Hi(R
×)⊗Z Hj(R
×)⊕ TorZ1 (µ(R), µ(R)),
where a splitting map TorZ1 (µ(R), µ(R))→ H3(T2) is defined by the formula
〈ξ, n, ξ〉 7→ χ(ξ), where
χ(ξ) :=
n∑
i=1
(
[(ξ, 1)|(1, ξ)|(1, ξi)]− [(1, ξ)|(ξ, 1)|(1, ξi)] +[(1, ξ)|(1, ξi)|(ξ, 1)]
+ [(ξ, 1)|(ξi, 1)|(1, ξ)] −[(ξ, 1)|(1, ξ)|(ξi , 1)] + [(1, ξ)|(ξ, 1)|(ξi , 1)]
)
,
with ξ ∈ R being a primitive n-th root of unity.
Proof. For a proof see [15, Section 4]. 
Since R is a domain, µ(R) is direct limit of its finite cyclic subgroups with
a directed index set. So Σ2 acts trivially on Tor
Z
1 (µ(R), µ(R)). Moreover
H1(Σ2, µ2∞(R)⊗Z µ2∞(R)) ≃
(µ2∞(R)⊗Z µ2∞(R))
σ
(1 + σ)(µ2∞(R)⊗Z µ2∞(R))
≃ (µ2∞(R)⊗Z µ2∞(R))
σ
= 2(µ2∞(R)⊗Z µ2∞(R))
≃
{
0 if µ2∞(R) is infinite or char(R) =2
Z/2 if µ2∞(R) is finite and char(R) 6= 2.
Hence if µ2∞(R) is infinite or char(R) = 2, then Tor
Z
1 (µ(R), µ(R)) ≃ TR and
if char(R) 6= 2 and µ2∞(R) is finite, then we have the exact sequence
(4.4) 0→ TorZ1 (µ(R), µ(R))→ TR → Z/2→ 0.
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On the other hand we have
Ext1Z(Z/2,Tor
Z
1 (µ(R), µ(R)))≃
{
0 if µ2∞(R) is infinite or char(R) =2
Z/2 if µ2∞(R) is finite and char(R) 6= 2.
Lemma 4.4. Let R be a domain such that char(R) 6= 2 and µ2∞(R) is finite.
Then the exact sequence (4.4) does not split, so TR is the unique non-trivial
extension of Z/2 by TorZ1 (µ(R), µ(R)).
Proof. The exact sequence (4.4) is, in fact, the exact sequence
0→ H3(T2)/M → F2H3(GM2(R))/M → F2H3(GM2(R))/H3(T2)→ 0.
Let µ2∞(R) = µn(R) = 〈ξ〉, n = 2m = 2
r. Under the inclusion
{0, (−1) ⊗ ξ} = 2(µ2∞(R)⊗Z µ2∞(R)) →֒ H2(T2)
σ,
the image of the element (−1) ⊗ ξ in H2(T2)
σ is represented by the cycle
h := [(−1, 1)|(1, ξ)] − [(1, ξ)|(−1, 1)] ∈ B2(T2)T2 . Now ∂
T2
3 (b) = τ(h) − h,
where
b :=[(1,−1)|(1,−1)|(ξ, 1)] − [(1,−1)|(ξ, 1)|(1,−1)] + [(ξ, 1)|(1,−1)|(1,−1)]
+
∑m−1
i=1
(
[(ξ, 1)|(1, ξ)|(1, ξi)]− [(1, ξ)|(ξ, 1)|(1, ξi)] + [(1, ξ)|(1, ξi)|(ξ, 1)]
+ [(ξ, 1)|(ξi, 1)|(1, ξ)] − [(ξ, 1)|(1, ξ)|(ξi , 1)] + [(1, ξ)|(ξ, 1)|(ξi , 1)]
)
.
Hence by Lemma 4.2, the cycle b − ρs(h) represents the image of (−1) ⊗ ξ
in F2H3(GM2(R))/H3(T2). To show that our exact sequence does not
splits, it is sufficient to show that 2(b− ρs(h)) is equal to χ(ξ) which by
Lemma 4.3, is the image of 〈ξ, n, ξ〉 ∈ TorZ1 (µ(R), µ(R)) under the inclu-
sion TorZ1 (µ(R), µ(R)) ≃ H3(T2)/M →֒ F2H3(GM2(R))/M . By a direct
computation we have
2(b− ρs(h)) = χ(ξ) + ∂4(η(ξ) + υ(ξ)),
where
η(ξ):=[s|(1,−1)|(1,−1)|(ξ, 1)] − [s|(1,−1)|(ξ, 1)|(1,−1)]
+[(−1, 1)|s|(ξ, 1)|(1,−1)] − [(−1, 1)|(1, ξ)|s|(1,−1)]
+[(−1, 1)|(1, ξ)|(−1, 1)|s] − [(1, ξ)|s|(1,−1)|(1,−1)]
+[s|(ξ, 1)|(1,−1)|(1,−1)] − [(−1, 1)|s|(1,−1)|(ξ, 1)]
+[(1, ξ)|(−1, 1)|s|(1,−1)] − [(1, ξ)|(−1, 1)|(−1, 1)|s]
+[(−1, 1)|(−1, 1)|s|(ξ, 1)] − [(−1, 1)|(−1, 1)|(1, ξ)|s],
υ(ξ) :=
∑m−1
i=1
(
[(ξ, 1)|(1, ξ)|(1, ξi)|(1,−1)] − [(1, ξ)|(ξ, 1)|(1, ξi)|(1,−1)]
− [(1, ξ)|(1, ξi)|(1,−1)|(ξ, 1)] + [(1, ξ)|(1, ξi)|(ξ, 1)|(1,−1)]
+ [(1, ξ)|(ξ, 1)|(ξi , 1)|(−1, 1)] − [(ξ, 1)|(1, ξ)|(ξi , 1)|(−1, 1)]
− [(ξ, 1)|(ξi, 1)|(−1, 1)|(1, ξ)] + [(ξ, 1)|(ξi, 1)|(1, ξ)|(−1, 1)]
)
.
Thus (4.4) does not split. 
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Let n be a positive integer such that 2|n. Then we have the following two
non-split exact sequences
0 −→ Z/n
r¯ 7→2r
−−−−→ Z/2n
a¯ 7→a¯
−−−−→ Z/2 −→ 0,
0 −→ Z/2
1¯ 7→n
−−−−→ Z/2n
a¯ 7→a¯
−−−−→ Z/n −→ 0.
Since
Ext1Z(Z/2,Z/n) ≃
{
0 if 2 ∤ n
Z/2 if 2 | n
, Ext1Z(Z/n,Z/2) ≃
{
0 if 2 ∤ n
Z/2 if 2 | n
,
the first exact sequence in above is the only nontrivial extension of Z/2
by Z/n and the second one is the only nontrivial extension of Z/n by
Z/2. Let TorZ1 (µ(R), µ(R))
∼ denotes the unique non-trivial extension of
TorZ1 (µ(R), µ(R)) by Z/2.
Corollary 4.5. For a domain R, TR ≃ Tor
Z
1 (µ(R), µ(R))
∼.
Proof. The above observation together with Lemma 4.3 show that when
char(R) 6= 2 and µ2∞(R) is finite, then TR can be considered as the unique
nontrivial extension of TorZ1 (µ(R), µ(R)) by Z/2. Therefore we have TR ≃
TorZ1 (µ(R), µ(R))
∼. Moreover if µ2∞(R) is infinite or char(R) = 2, then
TR ≃ Tor
Z
1 (µ(R), µ(R)) ≃ Tor
Z
1 (µ(R), µ(R))
∼. 
5. The bloch-wigner exact sequence
Now we are ready to prove our main Theorem.
Theorem 5.1. Let R be a ring with many units. Then we have the exact
sequence
TR → K
ind
3 (R)→ B(R)→ 0,
where TR sits in the short exact sequence
0→ TorZ1 (µ(R), µ(R))σ → TR → H1(Σ2, µ2∞(R)⊗Z µ2∞(R))→ 0.
Moreover if R is an integral domain, then we have the exact sequence
0→ TorZ1 (µ(R), µ(R))
∼ → K ind3 (R)→ B(R)→ 0,
where the composition TorZ1 (µ(R), µ(R)) → Tor
Z
1 (µ(R), µ(R))
∼ → K ind3 (R)
is induced by the map µ(R)→ SL2(R), ξ 7→ diag(ξ, ξ
−1).
Proof. Since im(H3(T3)→ H3(GL3(R))) is equal to im(H3(T2)⊕ (R
×)⊗3 →
H3(GL3(R))), from Theorem 3.1 we get the exact sequence
H3(GM2(R))⊕ (R
×)⊗3 → H3(GL3(R))→ B(R)→ 0.
If B2 :=
(
R× R
0 R×
)
, then for any n ≥ 0, Hn(T2) ≃ Hn(B2) [25, The-
orem 1.9], [8, Theorem 2.2.2]. The matrix s =
(
0 1
1 0
)
is similar to
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the matrix
(
1 1
0 −1
)
∈ B2, and hence im(H3(Σ2)) ⊆ im(H3(B2)) =
im(H3(T2)). Thus the above exact sequence together with (4.1) imply the
exact sequence F2H3(GM2(R)) → H3(GL3(R))/N → B(R) → 0, where
N = R× ∪R× ∪R× = im((R×)⊗3). Now from the commutative diagram
M
=
−−−−−−→ My yj
F2H3(GM2(R)) −→ H3(GL3(R))/N→B(R)→ 0,
we obtain the exact sequence
(5.1) TR → H3(GL3(R))/(j(M) +N)→ B(R)→ 0.
By an easy analysis of the Lyndon-Hochschild-Serre spectral sequence as-
sociated to the extension 1 → SL(R) → GL(R) → R× → 1, we obtain the
exact sequence
0→H3(SL(R))→H3(GL(R))/H3(GL1(R))→H1(R
×,H2(SL(R)))→0.
Since the action of R× on Hi(SL(R)) is trivial we have
H1(R
×,H2(SL(R))) ≃ R
× ⊗Z H2(SL(R)) ≃ R
× ⊗Z K
M
2 (R).
Also this exact sequence splits, thus we have the exact sequence
0→ R× ⊗Z K
M
2 (R)
η
→ H3(GL(R))/H3(GL1(R))
τ
→ H3(SL(R))→ 0,
where η is given by a ⊗ {b, c} 7→ c(diag(a, 1, 1),diag(1, b, 1),diag(1, c, c−1))
and τ is induced by A 7→ diag(det(A)−1, A). We have
τ(a ∪ c(b, c)) = τ(c(diag(a, 1),diag(1, b),diag(1, c))
= c(diag(a−1, a, 1),diag(b−1, 1, b),diag(c−1, 1, c))
= [b, a, c],
τ(a ∪ b ∪ c) = τ(c(diag(a, 1, 1),diag(1, b, 1),diag(1, 1, c))
= c(diag(a−1, a, 1, 1),diag(b−1, 1, b, 1),diag(c−1, 1, 1, c))
= [a, c, b].
So we get the surjective map τ¯ : H3(GL3(R))/(j(M)+N) ։ H3(SL(R))/T .
Since ker(τ) = im(η) = η(R× ⊗Z K
M
2 (R)) ⊆ j(M) +N , we get
H3(GL3(R))/(j(M) +N) ≃ H3(SL(R))/T.
Therefore the exact sequence (5.1) together with Corollary 2.4 and the exact
sequence (4.3) imply the first claim.
Now let R be a domain. Then from the first part and Corollary 4.5 we
get the exact sequence
TorZ1 (µ(R), µ(R))
∼ → K ind3 (R)→ B(R)→ 0.
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The natural map inc : SL2(R)→ GL2(R) induces the commutative diagram
H3(R
×)
H3(δ′)
−−−−→ H3(SL2(R))yH3(∆′) H3(inc)y
H3(T2) −−−−→ H3(GL2(R)),
where both δ′ : R× → SL2(R) and ∆
′ : R× → T2 are given by the formula
a 7→ diag(a, a−1). Consider the commutative diagram with exact rows
0 −−−→
∧3
ZR
×−−−−→ H3(R
×) −−−−−−→ TorZ1 (R
×, R×) −−−−−−−→ 0y yH3(∆′) y
0→
∧3
Z(R
× ×R×) → H3(R
× ×R×) → TorZ1 (R
× ×R×, R× ×R×)−σ→ 0,
(see [26, Lemma 5.5] for the exactness of the rows). Let R×1 = R
× × 1 and
R×2 = 1×R
×. Then we have
TorZ1 (R
× ×R×, R× ×R×)−σ = TorZ1 (R
×
1 , R
×
1 )⊕ Tor
Z
1 (R
×
2 , R
×
2 )
⊕
(
TorZ1 (R
×
1 , R
×
2 )⊕Tor
Z
1 (R
×
2 , R
×
1 )
)−σ
,
which clearly from it we obtain the isomorphisms
TorZ1 (R
×, R×)
≃
−→
(
TorZ1 (R
×
1 , R
×
2 )⊕ Tor
Z
1 (R
×
2 , R
×
1 )
)−σ ≃
−→H2(R
××R×)/M.
We denote this composition by ϕ. Now the commutative diagram
TorZ1 (R
×, R×)
≃
−−−−→ H3(R
×)/
∧3
ZR
× −−−−→ H3(SL2(R))/j
′(M ′)
≃
y H3(∆′)y y
TorZ1 (R
×, R×)
≃
−−−−→
ϕ
H3(R
× ×R×)/M −−−−→ H3(GL2(R))/j(M),
with j′(M ′) = im(
∧3
ZR
× → H3(SL2(R)), shows that the homomorphism
TorZ1 (µ(R), µ(R))→ H3(SL(R))/T ≃ K
ind
3 (R) is induced by R
× → SL2(R),
ξ 7→ diag(ξ, ξ−1).
To finish the proof of the theorem we have to prove that the map
TorZ1 (µ(R), µ(R))
∼ → K ind3 (R)
is injective. Let F be the quotient field of R and F¯ be its algebraic closure.
Then from the commutative diagram
0→Z/2→TorZ1 (µ(R), µ(R))
∼ → TorZ1 (µ(R), µ(R))→ 0y= y yinc
0→Z/2→ TorZ1 (µ(F¯ ), µ(F¯ ))
2.
−→TorZ1 (µ(F¯ ), µ(F¯ ))→ 0,
we see that TorZ1 (µ(R), µ(R))
∼ → TorZ1 (µ(F¯ ), µ(F¯ )) is injective. Hence it
is sufficient to prove the claim for F¯ . Moreover since KM3 (F¯ ) is uniquely
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divisible [1, Proposition 1.2], the torsion subgroup of K3(F¯ ) and K
ind
3 (F¯ )
are equal. Thus it is sufficient to prove that
θF¯ : TF¯ = Tor
Z
1 (µ(F¯ ), µ(F¯ ))→ H3(SL(F¯ ) ≃ K3(F¯ )
is injective. From now on we assume that F is algebraically close and so
F = F¯ .
The injectivity of θC is a classical result and can be proved using Cheeger-
Chern-Simon invariant Cˆ : H3(SL2(C)) → C/Z [4, §2]. In fact it is well-
known that the composition
Q/Z ≃ TorZ1 (µ(C), µ(C))
θC−→ H3(SL2(C))
Cˆ
−→ C/Z
is injective and thus θC is injective [5, App. A]. On the other hand, since
µ(Q¯) = µ(C), by the commutative diagram
TorZ1 (µ(Q¯), µ(Q¯))
θQ¯
−→K3(Q¯)y= y
0→TorZ1 (µ(C), µ(C))
θC−→K3(C),
θQ¯ also is injective. If char(F ) = 0, then Q¯ ⊆ F and µ(Q¯) = µ(F ). But
Suslin has proved that for an extension F1 ⊆ F2 of algebraically closed
fields, Kn(Fi) are divisible and their torsion subgroup are isomorphic [23,
Main Theorem], [24, Proposition 3.12, Corollary 3.13]. This implies that in
the diagram
0→TorZ1 (µ(Q¯), µ(Q¯))
θQ¯
−→K3(Q¯)y= yinc∗
TorZ1 (µ(F ), µ(F ))
θF−→K3(F )
inc∗ ◦ θQ¯ is injective. Thus θF also is injective. Now let char(F ) = p 6= 0.
Then Fp ⊆ F and thus, with an argument similar to above, it is sufficient
to prove the claim for Fp. So we may assume that F = Fp. Let A be a
henselian local domain such that its residue field is F and its quotient field
is a subfield of Q¯ and consider the commutative diagram
TorZ1 (µ(Q¯), µ(Q¯))
ψ1
←−−−− TorZ1 (µ(A), µ(A))
ψ2
−−−−→ TorZ1 (µ(F ), µ(F ))
θQ¯
y θAy yθF
H3(SL(Q¯))
φ1
←−−−− H3(SL(A))
φ2
−−−−→ H3(SL(F ))
≃
y ≃y y≃
K3(Q¯) ←−−−− K3(A)/l(−1)K2(A) −−−−→ K3(F ).
We have proved that θQ¯ is injective. Since ψ1 is injective, θA also is injective.
Since A is henselian, ψ2 is surjective. By Rigidity theorem of Suslin and
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Gabber [23], [7] if p ∤ m and n ≥ 1, then Kn(A,Z/m) ≃ Kn(F,Z/m). Since
Kn(F ) is divisible, the commutative diagram with exact rows
0→K4(A)⊗Z Z/m→K4(A,Z/m)→mK3(A)→ 0y y y
0→K4(F )⊗Z Z/m→K4(F,Z/m)→mK3(F )→ 0
implies that mK3(A) ≃ mK3(F ). Thus the map K3(A) → K3(F ) gives
an isomorphism on torsion prime to p. Since ψ2 is surjective, to prove
the injectivity of θF , it is sufficient to prove that φ2 ◦ θA is injective on
torsion prime to p. Let x ∈ TorZ1 (µ(A), µ(A)) such that mx = 0, p ∤ m,
and let φ2 ◦ θA(x) = 0. Then θA(x) ∈ mH3(SL(A)). Let y ∈ K3(A) such
that h′3(y) = θA(x). Then clearly 2my = 0 and thus 2y ∈ mK3(A). But
under the isomorphism mK3(A)
≃
−→ mK3(F ), 2y goes to 2φ2 ◦ θA(x) = 0.
Thus 2y = 0, which implies that 2θ(x) = h′3(2y) = 0. If p = 2, then
from (2,m) = 1, we see that θA(x) = 0. If p 6= 2, then the isomorphism
2K3(A)
≃
−→ 2K3(F ) implies that y = 0 and thus θA(x) = h
′
3(y) = 0. In
any case θA(x) = 0 and thus the injectivity of θA implies that x = 0. This
show that φ2 ◦θA is injective on torsion prime to p and thus the proof of the
theorem is complete. 
Remark 5.2. (i) Our general approach to the Bloch-Wigner exact sequence is
very close to the one in [16]. There we introduced the group H˜3(SL2(R)) :=
H3(GL2(R))/j(M), which was our possible candidate for K3(R)
ind. Now it
is easy to see that the natural map
H˜3(SL2(R))→ H3(GL3(R))/(j(M) +N) ≃ K
ind
3 (R)
is surjective. Moreover with the techniques developed here it is not difficult
to show that when R is a domain, the map H˜3(SL2(R)) → K
ind
3 (R) is
bijective (see the proof of Proposition 6.1).
(ii) The idea of the proof of the injectivity of TorZ1 (µ(F ), µ(F )) → K
ind
3 (F )
for an algebraically closed field F , is taken from [12, §7].
(iii) We strongly believe that the map TR → K
ind
3 (R) in Theorem 5.1
is injective in general. As we have seen, this is difficult to prove even for
algebraically closed fields. In the above theorem we have shown that this is
true if R is a domain.
Corollary 5.3. Let R be a local ring with infinite residue field F = R/mR
such that the natural map µ(R)→ µ(F ) is injective. Then we have the exact
sequence
0→ TorZ1 (µ(R), µ(R))
∼ → K ind3 (R)→ B(R)→ 0.
Proof. Since µ(R) → µ(F ) is injective, from Theorem 5.1 we obtain the
exact sequence TorZ1 (µ(R), µ(R))
∼ → K ind3 (R) → B(R) → 0. Now the
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injectivity of the left hand side map follows from the commutative diagram
TorZ1 (µ(R), µ(R))
∼ −→K ind3 (R)y y
0→ TorZ1 (µ(F ), µ(F ))
∼−→K ind3 (F ).

Corollary 5.4. Let R be a discrete valuation ring with field of fraction K
and infinite residue field F . Suppose that char(K) = char(F ). Then the
natural map B(R)→ B(K) is an isomorphism.
Proof. By [10, Theorem 2.1], K ind3 (R) ≃ K
ind
3 (K). Hence the claim fol-
lows from the Bloch-Wigner exact sequences for R and K, obtained from
Theorem 5.1, and the fact that µ(R) = µ(K). 
Example 5.5. (i) If R is a henselian local ring with infinite residue field F
such that µp∞(R) = 1, where p = char(F ), then µ(R)→ µ(F ) is an isomor-
phism. Thus, by Corollary 5.3, we have the Bloch-Wigner exact sequence
over R.
(ii) Let F be an infinite field and let R be a semi-local domain containing
F with quotient filed F (X). Then K ind3 (F ) ≃ K
ind
3 (R) [11, pp. 327–328].
Now as in the proof of Corollary 5.4, we can show that B(F ) ≃ B(R).
Let R[ǫ] be the ring of dual numbers, where R is a domain. Then for any
prime number p, we have
µp∞(R[ǫ]) ≃
{
µp∞(R) if p 6= char(R)
R if p = char(R)
,
where R is the additive group (R,+). (Note that if p = char(R), then
µp∞(R) = 1.) Since for any abelian torsion group A, A ≃
⊕
q primeAq∞ , we
have
µ(R[ǫ]) ≃
{
µ(R) if char(R) = 0
µ(R)⊕R if char(R) 6= 0.
Hence if char(R) = 0, then TR[ǫ] ≃ TR ≃ Tor
Z
1 (µ(R), µ(R))
∼. If char(R) > 2,
then µ2∞(R[ǫ]) ≃ µ2∞(R) and
TorZ1 (µ(R[ǫ]), µ(R[ǫ]))σ = Tor
Z
1 (µ(R), µ(R)) ⊕ Tor
Z
1 (R,R)σ.
Moreover the map R[ǫ]→ R given by a+bǫ 7→ a, induces a map TR[ǫ] → TR,
which from it we get the isomorphism
TR[ǫ] ≃ Tor
Z
1 (µ(R), µ(R))
∼ ⊕ TorZ1 (R,R)σ.
If char(R) = 2, then µ2∞(R[ǫ]) ≃ R and thus
H1(Σ2, µ2∞(R[ǫ])⊗Z µ2∞(R[ǫ])) ≃ H1(Σ2, R ⊗Z R) ≃ R.
Moreover, as in above, we have
TorZ1 (µ(R[ǫ]), µ(R[ǫ]))σ = Tor
Z
1 (µ(R), µ(R)) ⊕ Tor
Z
1 (R,R)σ.
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These imply that TR[ǫ] ≃ Tor
Z
1 (µ(R), µ(R))
∼ ⊕ Tǫ, where Tǫ sits in an exact
sequence 0 → TorZ1 (R,R)σ → Tǫ → R → 0. Thus we have proved the
following proposition.
Proposition 5.6. Let R[ǫ] be the ring of dual numbers, where R is a domain
with many units. Then we have the exact sequence
TorZ1 (µ(R), µ(R))
∼ ⊕ Tǫ → K
ind
3 (R[ǫ])→ B(R[ǫ])→ 0,
where Tǫ is 0 if char(R) = 0, is isomorphic to Tor
Z
1 (R,R)σ if char(R) > 2
and sits in an exact sequence 0→TorZ1 (R,R)σ→ Tǫ→R→ 0 if char(R) = 2.
Moreover the map TorZ1 (µ(R), µ(R))
∼ → K ind3 (R[ǫ]) always is injective.
Proof. The ring R[ǫ] is a ring with many units [6, Proposition 2.5]. Now the
claim follows from Theorem 5.1 and the above computations. 
6. Third homology group of SL2
Let α : H3(SL2(R))R× → K3(R)
ind be the composition of the following
sequence of maps
H3(SL2(R))R× → H3(SL(R))
(h¯′
3
)−1
−−−−→K3(R)/l(−1)K
M
2 (R)։ K3(R)
ind.
It was known for very long time that α is an isomorphism over algebraically
closed fields [21, Theorem 4.1]. Following this, Suslin raised the following
question:
Question (Suslin). Let F be an infinite field. Is it true that the group
H0(F
×,H3(SL2(F ))) coincides with K3(F )
ind? (See [21, Question 4.4]).
Hutchinson and Tao proved that α always is surjective [9, Lemma 5.1].
They also gave some criterion for the injectivity of α (see [9, p. 1680]). Their
criterion have been improved in [18, Theorem 4.4]. We collect these result
in the following proposition.
Proposition 6.1. Let F be an infinite field. Then
(i) α always is surjective,
(ii) α is injective if and only if the maps H3(SL2(F ))F ∗ → H3(GL2(F ))
and H3(GL2(F ))→ H3(GL3(F )) are injective.
Proof. For the proof of (i) see [9, Lemma 5.1]. To prove (ii) first note
that using the exact sequence H3(GM2(F )) → H3(GL2(F )) → B(F ) → 0
from Theorem 3.1 and replacing H˜3(SL2(F )) := H3(GL2(F ))/j(M) with
H3(GL3(F ))/(j(M) + N) in the proof of Theorems 5.1, one obtains the
exact sequence
0→ TorZ1 (µ(F ), µ(F ))
∼ → H˜3(SL2(F ))→ B(F )→ 0.
Now the rest of the proof can be proceeded as in [18, Theorem 4.4]. 
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Example 6.2. It is known that the natural mapsH3(GL2(R))→ H3(GL3(R))
andH3(SL2(R))R∗ → H3(SL(R)) are injective [14, Theorem 5.4, Proposition
6.1]. Since H3(SL(R)) → H3(GL(R)) ≃ H3(GL3(R)) is injective, one easily
can show that H3(SL2(R))R∗ → H3(GL2(R)) also is injective. On the other
hand Parry and Sah have proved that the action of R∗ on H3(SL2(R)) is
trivial [20, App. C], so H3(SL2(R))R∗ = H3(SL2(R)). Now by Proposition
6.1, we have H3(SL2(R)) ≃ K
ind
3 (R). Therefore by Theorem 5.1, we have
the Bloch-Wigner exact sequence
0→ Z/4→ H3(SL2(R))→ B(R)→ 0.
It is well-known that when R is a ring with many units, the kernel of
the maps H3(SL2(R))R∗ → H3(GL2(R)) and H3(GL2(R)) → H3(GL3(R))
consist of 2-torsion elements [17, Corollary 3.3, Lemma 3.6]. Using these
facts one can show that
H3(SL2(R),Z[1/2])R∗ ≃ K
ind
3 (R)Z[1/2],
[17, Theorem 3.7]. Moreover if R× = R×
2
we have H3(SL2(R)) ≃ K
ind
3 (R).
Combining these facts with the results of the previous section we obtain the
following proposition, which first has been proved in [16, Corollary 5.4].
Proposition 6.3. Let R be a ring with many units. Then we have the exact
sequence
TorZ1 (µ(R), µ(R))σZ[1/2] → H3(SL2(R),Z[1/2])R∗ → B(R)Z[1/2] → 0.
If R× = R×
2
, then we have the exact sequence
TorZ1 (µ(R), µ(R))σ → H3(SL2(R))→ B(R)→ 0.
Moreover if R is a domain, then the left hand side maps in both exact se-
quences are injective.
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